Consider the following typing derivation trees for the simply-typed A-calculus extended with pairs, numbers, addition, and Booleans. State whether each of the trees is a valid typing derivation tree. If it is not a valid derivation, briefly explain why. Some typing rules have been numbered for you to make referring to them
easier in your answers.

Here are the complete typing rules:

I(x)=t '+ eq : Num T't ey : Num I't+ ey : Bool They:t T'keg:t
—— T-TRUE ————— T-FALSE —— T-Num —— T-Var T-PLuUs - T-1Ir
'+ true : Bool I'F false : Bool T'F num : Num I'tax:t T'Fe; +ey: Num I'Fifeleyes:t
Fu{z:ti}kFe:t IF'kei:ty —t F'kFeg:t I'kFe:t IFkey:t F'Fe:tyxt IF'kFe:tyxt
{z:tifbe:ts T-LAM acn 2 20 T-AprpP € 2t T-PAIrR S ernEh T-Fst S rehirh T-SND
Az :tie:ty —to 'k (e1 e2) : to Tk (e1,e2) 1 t1 % tg 'k fste:ty I'ksnde:ty
For brevity in our trees, we will sometimes elide the premises for the T-VAR rule. Do not consider this as an invalid usage of this inference rule.
1
——F X T-VaAR
2 : Num - 2 : Num ToA TN
_ABS -NuMm
{} F (Az : Num. z) : Num — Num {} F (Az : Num. ) : Num A
-App
{} F (Az : Num. z)(Az : Num. ) : Num

2

————— T-TRUE —— T-Num T-FALSE

{} I true : Bool {}F1:Num {} F false : Bool g

-IF
{}F (if true 1 false) : Num
3
——— X X T-Var(1
2 : Num - z : Num )
T-Lam(2) - T-VAr(2)
2 :Num - Az : Num. z : Num — Num 2 : Num - 2 : Num
T-Arp(2)
2 : Num - ((Az : Num. z)z) : Num
T-Lam(1) ———— T-NuM
{} F Az : Num. ((Az : Num. 2)z) : Num — Num {} F5: Num T-App(1)
-App
{} F ((Az : Num. ((Az : Num. z)x))5) : Num
4
T-VAR(2) T-VAR(3) T-VAR(4) T-VAR(5)
b:Bool,x : Num,y : Num - z : Num b :Bool,x : Num,y : Num - y : Num T-PLus(1) b :Bool,x : Num,y : Num - y : Num b:Bool,x : Num,y : Num - y : Num T_PLUS(2)
-PLUS -PLUS
b:Bool,z : Num,y : Num - 2 + y : Num b:Bool,z : Num,y : Num - y + y : Num
T-VAR(1) T-LaM(3) T-Lam(4)
b:Bool,z : NumtF b : Bool b:Bool,z : NumF (Ay : Num. = + y) : Num — Num b:Bool,z : Num F (\y : Num. y 4+ ) : Num — Num T
-IF
b:Bool,z:Numb (if b (\y: Num. x +y) (Ay : Num. y + y)) : Num — Num T-Law(2)
-Lam
b:BoolF Az :Num. (if b (A\y:Num. z+y) (\y : Num. y + y)) : Num — (Num — Num) T-Lan(1)
-LAM
{}F Ab:Bool. Az : Num. (if b (Ay : Num. z +y) (Ay : Num. y + y)) : Bool — (Num — (Num — Num))
5%
T-TRUE ——— T-NuM
2 : Num - true : Bool 2 : Num - 1 : Num
T-PRrOD
2 :Num b (true,1) : (Bool  Num)
——F—F  T-Var T-FsT
x : Num F z : Num x : Num b (fst(true,1)) : Num Tp
-PLUS
x : Num - & + (fst(true, 1)) : Num
T-LAam

{3+ Az : Num. = + (fst(true,1))) : Num — Num



